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Summary. — We present an overview of some representative Agent-Based Models 
in Economics. We discuss why and how agent-based models represent an important 
step in order to explain the dynamics and the statistical properties of financial mar- 
kets beyond the Classical Theory of Economics. We perform a schematic analysis 
of several models with respect to some specific key categories such as agents' strate- 
gies, price evolution, number of agents, etc. In the conclusive part of this review 
we address some open questions and future perspectives and highlight the concep- 
tual importance of some usually neglected topics, such as non-stationarity and the 
self-organization of financial markets. 



1. Introduction 

We present a critical discussion of some of the most representative Agent-Based Mod- 
els (ABM hereafter) of Economics. We embed them in a framework which highlights their 
key principles and the relative strengths and weaknesses. The objective is to point out 
the possible lines of convergency and improvement in order to focus towards an optimal 
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model. A crucial weakness in this respect is that the experimental framework defined 
by the so-called Stylized Facts is still rather limited and an improvement of this body of 
knowledge appears to be the bottle neck in the field. 

Classical Theory of Economics. - The Classical theory of Economics is based 
on the following elements [1, 2] 

• Situation of equilibrium with equal (representative) agents which are (quasi) ratio- 
nal, have the same information and process it in the same way; 

• Important price changes correspond to new information which arrives on the mar- 
ket. The fact that this information is random and independent leads to the famous 
random walk model [3, 4] and the corresponding Black and Scholes equations [5, 6]; 

• This new information modifies the ratio between offer and demand and then also 
the price. This corresponds to a mechanical equilibrium of the market; 

• These concepts also imply a Cause-Effect relation in which large price changes are 
due to the market reaction to the arrival of exogenous important news. Therefore 
a large price change is supposed to be associated to an equally large exogenous 
event. 

It is too easy to argue that most of these assumptions have no basis at all. So one 
may wonder why they are so widely adopted. The real reason is that they permit an 
analytical treatment of the problem. This is a very different perspective from natural 
sciences in which very few realistic problems can be treated exactly but still one can get 
an appreciable level of understanding with suitable approximation schemes or computer 
simulations. In addition these ideas are usually not tested against empirical data; a fact 
that strongly limits the scientific basis of the whole framework. 

The most reasonable of the above assumptions is the fact that indeed many external 
news are random and incoherent so the random walk appears reasonable as a simple 
modeling. On the other hand the assumptions made for the behavior of the agents are 
very far from reality. A famous cartoon of the Economist to stress this point is reproduced 
in fig. 1. The agents can be very different from each other, their level of information 
and the way the use it is also very different. Finally they are not at all independent and, 
especially in situations of crisis the rationality hypothesis can be seriously wrong. In 
these situations fear and panic, as well as euphoria, lead to very strong herding behavior 
(fig. 1) which is completely neglected in the standard model. 

From an empirical point of view one can observe marked deviations from the standard 
picture: 

• great catastrophic events like the '87 crash, the Internet bubble of 2000 and the 
recent case of the subprimes do not seem to have any relation with specific events 
or new information; 
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• there are clear deviations from the gaussian behavior for the price distribution 
which are named Stylized Facts (SF). These can be observed for the large price 
fluctuations but arc actually present at all scales, even in relatively calm periods; 

• breaking of the Cause-Effect relation. Often large price fluctuations are not asso- 
ciated to any special event. In table I we report the top ten price movements from 
the second world war til 1989 together with their origin as reported by the media. 
Even for the recent subprimc crisis the total amount of money corresponding to the 
subprimes is very small with respect to the catastrophyc effect it had worldwide. 
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Fig. 1. - This cartoon appeared on the cover of The Economist on November 7, 1997 to illustrate 
non rationality, limited information and a strong herding behavior. All these elements are absent 
in the standard model of Economics. The ambition of the agent-based models is to include this 
type of elements in the modeling of Economics. 



Towards Complexity. - This situation naturally calls for a possible description 
in terms of critical phenomena and complex systems [8] . The study of complex systems 
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Table I. - We report the ten largest price movement in the Standard & Poor's index from the 
second world war till 1989 together with the official explanation of their "origin" as reported in 
the media (see [7] for further details). 





Date 


Percent Change 


New York Times Explanation 




Oct. 


19, 1987 


-20.47 


Worry over dollar decline and trade deficit 


Oct. 


21, 1987 


+9.10 


Interest rates continue to fall, bargain hunting 


Oct. 


26, 1987 


-8.28 


Fear of budget deficit, margin calls 


Sep, 


. 3, 1946 


-6.73 


"... No basic reason for the assault on prices" 


May 28, 1962 


-6.68 


Kennedy forces rollback of steel price hike 


Sep. 


26, 1955 


-6.62 


Eisenhower suffers heart attack 


Jun. 


26, 1950 


-5.38 


Outbreak of Korean War 


Oct. 


20, 1987 


-F5.33 


Investors looking for "quality stocks" 


Sep, 


. 9, 1946 


-5.24 


Labor unrest in maritime and tracking industries 


Oct. 


16, 1987 


-5.16 


Fear of trade deficit and tension with Iran. 



refers to the emergence of collective properties in systems with a large number of parts 
in interaction among them. These elements can be atoms or macromolecules in a phys- 
ical or biological context, but also people, machines or companies in a socio-economic 
context. The science of complexity tries to discover the nature of the emerging behavior 
of complex systems, often invisible to the traditional approach, by focusing on the struc- 
ture of the interconnections and the general architecture of systems, rather than on the 
individual components. This implies a change of paradigm form the previous mechanical 
model to a complex model in which intrinsical instabilities can develop in a self-organized 
way without a cause-effect relation [8, 1, 9, 10]. 

Why Agent-Based Models. - The so-called ABM represent a broad class of models 
which have been introduced to describe the economic dynamics in a more realistic way. 
Their building blocks arc: 

• the agents are heterogeneous with respect to their various properties like strategies, 
wealth, time scale, etc; 

• the interaction between them is a fundamental element and, of course, it can have 
many different characteristics; 

• price dynamics depends on the balance between offer and demand but the specific 
implementation can be different. 

Usually the dynamics of this type of models is able to produce deviations from the gaus- 
sian behaviour related to the SF for some specific range of parameters. 
Additional elements which are often neglected but are important in our opinion are the 
fact that the total number of agents or strategies can strongly vary in time and that the 
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system has to evolve spontaneously towards the quasi-critical state which shows the SF. 
The paper is organized as follows. 

In section 2 we report the main statistical properties of financial markets. 

In section 3 we briefly describe the classical economical theory focusing our attention 

on the consequence of this assumptions applied to financial markets. 

In section 4 we analyze some ABM with respect to specific features such as the type of 

strategies, the number of agents, the self-organization, etc. 

In section 5 we discuss a different approach to ABM in Economics presenting a recently 
introduced model which is the first step towards a systematic analysis of financial market 
features with the final aim of defining the characteristic properties of stock markets from 
the models, and then to identify their role and importance in real financial markets. 
In section 6 we give some perspectives of development of agent-based modeling. 

2. Stylized Facts 

The name SF refers to all non trivial statistical evidences which are observed through- 
out financial markets. Almost all price time series of financial stocks and indexes approx- 
imatively exhibit the same statistical properties (at least qualitatively). In addition it 
has been shown that SF are robust on different timescales and in different stock markets 
[11]- 

The systematic study of SF has begun in very recent time (approximately from '90) for 
two reasons: a technical and a cultural one. The former one is that the huge amount 
of empirical data produced by financial markets are now easily available in electronic 
format and can be massively studied thanks to the growth of computational power in the 
last two decades. In order to make a comparison with some traditional fields of Physics, 
a similar quantity of information is observed only in the output of a big particle accel- 
erator. The latter instead is due to the fact that traditional approaches to economical 
systems neglect empirical data as candidates respect to which a theory must be com- 
pared differently from Physics. From this point of view standard Economics is not an 
observational science. 

Turning now our attention to the experimental evidences of financial markets, the main 
SF are 

• the absence of simple arbitrage, 

• the power law decay of the tails of the return distribution, 

• the volatility clustering. 

In the following sections we analyze them. 

2'1. Absence of simple arbitrage. - The absence of simple arbitrage in financial 
markets means that, given the price time series up to now, the sign of the next price 
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variation is unpredictable on average. In other words it is impossible to make profit 
witliout dealing with a risky investment. This implies that the market can be seen as an 
open system which continuously reacts to the interaction with the world (i.e. trading ac- 
tivity, flux of information, etc) and self-organizes in order to quickly eliminate arbitrage 
opportunities. This property is also called arbitrage efficiency. 

This condition is usually equivalent to the informational efficiency expressed in Eco- 
nomical literature saying that the process described by the price pt is a martingale that 
is 



(1) E[pt\ps]=Ps 

where t > s. Here we are assuming that the price is a synthetic variable which reflects 
all the information available at time t. If this is not true the conditioning quantity is the 
available information Is at time s and not only the price Ps ■ 



However, the condition of martingale is uneasy from a practical point of view and the 
two-point autocorrelation function of returns is usually assumed as a good 
measure of the market efficiency 

E[rf] - E[rtY 

If the process {rt} is at least weakly stationary then eq. 2 simply becomes p(t) ~ 
{E[rtrt+r] — Mr)/^r wherc = E[rt] and ar = E[rf] — E[rt]'^. If the autocorrelation 
function of returns is always zero we can conclude that the market is efficient. 
In real markets the autocorrelation function is indeed always zero (sec fig. 3) 
except for very short times (from few seconds to some minutes) where the correlation is 
negative (see inset of fig. 3). The origin of this small anti-correlation is well-known and 
due to the so-called bid ask bounce. This is a technical reason deriving from the double 
auction system which rules the order book dynamics (see [12] for further details). 

In the end we want to stress that the efficiency is a property that holds on average: 
locally some arbitrage opportunities can appear but, as they have been exploited, the 
efficiency is restored [13, 14]. 

2'2. Fat-tailed distribution of returns. - The distribution of price variations 

(called returns) is not a Gaussian and prices do not follow a simple random walk. 
In details very large fluctuations are much more likely in stock market with respect to 
a random walk and dramatic crashes are approximately observed every 5 — 10 years 
on average. These large events cannot be explained by gaussian returns. Therefore to 
characterize the probability of these events we introduce the complementary cumulative 
distribution function F{x) 



(3) 



F{x) = 1 - Prob(X < x) 
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Fig. 3. - We report the autocorrelation function of returns for two time series. The series of 
the main plot is the return series of a stock of New York Stock Exchange (NYSE) from 1966 to 
1998 while the series of the inset is the return series of a day of trading of a stock of London 
Stock Exchange (LSE). As we can see the sign of prices are unpredictable that is the correlation 
of returns is zero everywhere. The time unit of the inset is the tick, this means that we are 
studying the time series in event time and not in physical time. 



which describes the tail behavior of the distribution P{x) of returns. 
The complementary cumulative distribution function F{x) of real returns is 
found to be approximately a power law F{x) ^ x"" with exponent in the range 
2 — 4 [15], i.e. the tails of the probability density function (pdf) decay with an exponent 
a + 1. Since the decay is much slower than a gaussian this evidence is called 
Fat or Heavy Tails. Sometimes a distribution with power law tails is called a Pareto 
distribution. The right tail (positive returns) is usually characterized by a different ex- 
ponent with respect to the left tail (negative returns). This implies that the distribution 
is asymmetric in respect of the mean that is the left tail is heavier than the right one 
(a+ > a"). 

Moreover the return pdf is a function characterized by positive excess kurtosis, a Gaus- 
sian being characterized by zero excess kurtosis. In fig. 4 we report the complementary 
cumulative distribution function F(x) of real returns compared with a pure power law 
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Fig. 4. - We report the complementary cumulative distribution function of the absolute value 
of returns (solid black line). The green dashed line (• — ) is the complementary cumulative 
distribution function of a gaussian with the same variance of the real return distribution. The 
dashed black line is a pure power law decay with exponent a — 4. The blue and red lines are 
instead the complementary cumulative distribution functions for positive and negative returns 
respectively. We can see that red curve has a slower decay with respect to the blue one. This 
asymmetry between positive and negative returns is the origin of the non zero skewness of the 
probability density function of returns. 



decay with exponent a = 4 and with a gaussian with the same variance. 

When the tail behavior of the return distribution is studied varying the time lag at 
which returns are performed [11], a transition to a gaussian shape is observed for yearly 
returns. However it is unclear if this transition is genuine or due to a lack of statistics 
or to the non stationary return time series. 

2'3. Volatility clustering. - In the lower panel of fig. 5 we report the return time 
series of a NYSE stock (returns are here defined as \og{pt+i/pt))- As we can see the 
behavior of returns appears to be intermittent in the sense that periods of large 
fluctuations tend to be followed by large fluctuations regardless of the sign and the same 
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Fig. 5. - Return time series of a stock of NYSE from 1966 to 1998. The two figures represent the 
same price pattern but returns are differently computed. In the top figure returns are calculated 
as simple difference, i.e. vt = pt — Pt-At while in the bottom one returns are log returns that is 
rt — log Pi — log Pt-At. From the lower plot we can see that volatility appears to be clustered 
and therefore large fluctuations tend to be followed by large ones and vice versa. The visual 
impression that the return time series appears to be stationary for log returns suggests the idea 
that real prices follow a multiplicative stochastic process rather than a linear process. 



behavior happens for smaU ones. 

In Economics the magnitude of price fluctuations is usually called volatility. It is viforth 
noticing that a clustered volatility does not deny the fact that returns arc uncorrclated 
(i.e. arbitrage efficiency). In fact correlation does not imply probabilistic independence, 
while the contrary is true. Therefore the magnitude of the next price fluctuations is cor- 
related with the present one while the sign is still unpredictable. In other words stock 
prices define a stochastic process where the increments are uncorrelated but 
not independent. 

Different proxies for the volatility can be adopted: widespread measures arc the absolute 
value and the square of returns. As a consequence of the previous considerations about 
the clustering of volatility, the autocorrelation function of absolute (or square) 
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Fig. 6. - Autocorrelation function of volatility measured as the absolute value of returns. We 
find that the function can be approximately described by a power law. We report a pure power 
law decay with exponent 0.2 for comparison. The return time series used in this analysis is the 
previous NYSE one from 1966 to 1988. It is worth noticing that the volatility is significantly 
correlated and then clustered on time scale longer than one year. 



returns is non zero. Wc also find that the autocorrelation is well-described by 
a power law decay with exponent ranging from —1 to as reported in in fig. 6. The 
very slow decay means that volatility is correlated on very long time scales from minutes 
to several months/years. The exponent of the autocorrelation function is not universal 
as the one of fat tails but it is typically around 0.2 — 0.3. The volatility clustering was 
observed the first time by Mandelbrot in 1963 [16]. 

2'4. Other SF. ~ Beyond these SF we can state other relevant effects which are 
widespread in financial markets such as 

• the gain/loss asymmetry, i.e. one observes large drawdowns in stock prices and 
stock index values but not equally large upward movements. This is linked to the 
asymmetry of the return pdf. 

• leverage effect: the volatility of an asset are negatively correlated with the returns 
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of that asset. 

• trading volume and volatility are correlated. 

See also [11, 13, 14, 15, 17, 18] for more details about SF and their analysis. 

2'5. Stationarity and time-scales. - Before turning our attention to the analysis 
of the models which try to interpret SF, we want to discuss a final question: the station- 
arity and the time scales of the observation of financial markets. 

The hypothesis of stationarity is usually invoked because, if satisfied, the statistical prop- 
erties of the phenomenon under consideration become invariant under temporal transla- 
tion. In the case of financial markets it is not clear whether the return time series verifies 
this condition: intraday activities, seasonality, vifeekends, holidays, Economy 
growth are elements that can a priori make the returns not stationary. How- 
ever, it can be argued that the process is observed on the wrong scale (see [19]) and on 
a larger time scale the process may become stationary. 

Last but not least it has been hypothesized that the non stationarity of financial se- 
ries derives from the fact that they are studied in physical time units. On this account it 
has been proposed to define a time rescaling such that the transformation which makes 
stationary the financial data is the correct one. However, the choice of which elements 
should be involved in this transformation is arbitrary and ranges form seasonality of the 
calendar to the volumes of trading activity. The question is still open (sec [20, 21, 22, 23] 
for further references). 

3. Standard Economic Theory 

In the previous section we have reported the main empirical features of financial mar- 
kets. Now we briefly review the so-called neoclassical framework which has been the 
dominant paradigm of economical theory for fifty years. 

According to standard economical theories markets are in an equilibrium 
state. 

Before analyzing the consequence of such an assumption, let us briefly describe how 
an economy is modeled by the neoclassical approach. The economical system is 
composed of goods, agents and firms. Agents and flrms own a certain amount of 
goods, have a set of technologies to transform goods in other goods and an utility func- 
tion quantifies agents and firms' preferences in good consumption. Agents and firms only 
aim at maximizing their utility by selling, buying, producing or consuming goods. 

The typical hypothesis of equilibrium models arc: 

1. a single agent's action is marginal with respect to the price, that is the price 
variations due to the single agent is a contribution of higher order with respect to 
the price variation; 
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2. agent's aim is the mELximization of the utility given tlie price vector of goods; 

3. the price vector is the solution of the equation that makes the aggregate demand 
and the aggregate supply equal; 

4. agents are fully rational and are fully informed, that is they have perfect models 
of reality to determine their actions and knovif the price vector. 

There are two main motivations of the great success of equilibrium models. 
The former is that equilibrium models are a closed and relatively simple quantitative 
theory for economical system. The models are closed in the sense that given the previous 
four assumptions no extra ingredients are needed to determine the equation connecting 
goods, technology, production, trade and prices. 

The second reason is that if an extra hypothesis is added to the behavior of the utility 
function and of technology, then the equilibrium state always exists [24]. The demon- 
stration of the existence of this equilibrium state consists in the demonstration of the 
existence of a fixed point of a suitable map acting on the space of price vectors. The 
two additional hypothesis can be summarized saying that the more an agent consumes 
a good, the less the agent will obtain a benefit from the consumption of an extra unit of 
that good and that the more a technology is used to produce a good, the less the extra 
production derives from one extra unit of input. We do not report the problems that 
arise from the question of how this fixed point is reached. We only highlight that the ex- 
istence of this point does not guarantee that the system is always able to reach this state. 

The models herein proposed are essentially one-time models. In their original formu- 
lation they are static and do not deal with the dynamics of the price evolution and of 
agent's allocation of goods. However, it has been shown that equilibrium models can be 
extended to a multi-time set up and even to an economy composed of financial goods 
and not only of concrete and physical goods. The details of these two features go beyond 
the goal of the present review. The readers who are interested in these questions can 
find more information in [2, 25, 26]. 

Now we want to analyze the consequence of the equilibrium assumptions in a stock 
market. Because of the multi-time horizon we have to introduce a new hypothesis and 
we are going to see that it is the stronger assumption made until this point. In a multi- 
time set up, agent's rationality implies the knowledge of all the present prices 
but also of all the dependences of prices on the possible future states on which 
the agents are uncertain (these states are called states of Nature). Furthermore the 
extension from a one-time to a multi-time horizon implies that the maximization of 
the utility function must now depends on all the possible future scenarios. 
Thus, whether or not a good is consumed today depends on all the possible future history 
of price vector and on all the probabilities of the uncertain states of Nature. Thus the 
consequence of the full rationality become a bit strange with respect to our daily ex- 
perience about preferences in uncertain conditions. In particular in equilibrium models 
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we have to assume that the probabihty of the uncertain states of Nature are known or 
perfectly deduced by rational agents at the beginning of the history. This also implies 
that the uncertain quantities are stationary in time and on all time scales. 
On the other end it is simple to show that in the original one-time equilibrium mod- 
els the equilibrium state is also a Pareto efficient state. From this point of view the 
model is allocative efficient. In fact a state is defined Pareto efficient if there is not any 
change of the allocation of all agents that make at least one agent happier with respect 
to his/her utility. The extension to financial markets is far from being trivial because 
the equilibrium state in a multi-time horizon and in uncertain conditions is not usually 
a Pareto efficient state. Therefore rationality can be extended to financial contest even 
if it includes the unrealistic perfect knowledge of all future sources of uncertainty while 
efficiency is in general not satisfied by equilibrium model of financial markets. 

For this reason a weaker efficiency is usually required to hold in financial contest: the 
informational efficiency which we have introduced in the previous section. In mathe- 
matical terms the informational efficiency means that the price process is a martingale 
with respect to the information process It . In its stronger version the price is a synthetic 
variable which incorporates all the information and therefore present price is the best 
prediction of any future price. 

The most striking consequence of the full rationality assumption and of perfect 
informational efficiency is that prices should follow the fundamental value of 

the financial good that is the future discounted forecast of the dividend payed by the 
stock. In this market price and fundamental price would always coincide (see the brief ar- 
gument in [27] to illustrate this point). We want to stress that all agents are fully rational 
and endowed with the same information, the logical consequence is that all agents, being 
rational, get the same forecast about future. Thus agents are rational and homogeneous 
and this permit to deductively forecast the future prices of a stock. This procedure leads 
to the formula 



where /? is the discount factor and is equal to 1/(1 + ?') where r is the risk free rate (i.e. 
treasure bonds). 

We can see that the only allowed fluctuations of prices derive from the uncertainty due to 
the conditioning of the present information It- So that we have found prices will follow 
the fundamental value except for small deviations from it due to fluctuations of infor- 
mation. Moreover in such a context there are not any incentives to trade since there are 
not any speculative opportunities. The investors will gain profit only from the revenues 
of the dividends. 

If we compare the predictions of standard neoclassical models with the observational 
results presented in the previous section we find that SF can be hardly fitted by 
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the framework of equilibrium theory. Even worse, equilibrium tlieory does not 
appear as the natural starting point for a new theory, histead a paradigm shift is 
required and ABM are the first step in this direction. Actually, as equilibrium models, 
ABM are more similar to metaphors than to real predictive/quantitative models but 
their advantage relies in the fact that SF are their starting point and their benchmark 
to determine their fitness in describing financial markets. 

4. Agent-Based Models 

In this section we present and discuss eight ABM which, according to the authors 
of the present review, well represent the development of this field. Differently from 
most reviews of this area [18, 28, 29], the analysis of each model is performed in a very 
schematic way according to some categories. These categories are: 

• Aim of the model: we describe the reasons of the introduction of each model. 

• Agents and strategies: we give a detailed description of the type of agents 
involved in the model, the strategies used to trade, the mechanism which rules the 
change of strategy (in the model where this feature is present), etc. 

• Number of agents: we discuss if the number of active agents changes in time or 
is kept fixed. 

• Price formation: in this section we discuss the mechanisms through which price 
evolution and strategy evolution interacts 

• Origin of Stylized Facts: we analyze which elements give origin to SF. 

• Discussion realism/tractability: the development of an ABM sets a not trivial 
problem with respect to the compromise between tractability and realism. We 
review the advantages and disadvantages of each model in relation to this question. 

• Self-Organized Criticality: if it is possible, we analyze how the problem of the 
market self-organization in the regime of SF is addressed. 

41. Kim and Markowitz model: an attempt to explain the Black Monday. 

4' 1.1. Aim. On Monday, October 19, 1987 stock markets worldwide underwent the 
largest drawdown of financial history in a very short time. In one day Dow Jones Indus- 
trial Average lost 508 points which correspond to a percentage drop of about 23%. The 
losses were even worst in the rest of the world, for instance in Hong-Kong, where the 
crash began, in United Kingdom, in New Zealand, etc. 

The origins of this crash are still unclear and a conclusive explanation is still missing 
[30, 31]. It is interesting to note a similar lack of conclusive answer is also observed for 
the recent Flash Crash on May 5, 2010. The report of the U.S. Securities and Exchange 
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Commission (SEC) [32] gives a detailed description of the event timeline but does not 
really answer how the Dow Jones could lose about 10% in few minutes and, as fast as 
the drop, could recover approximately its initial value. 

The Black Monday's causes immediately appeared and in some extent still appear rather 
mysterious because there was not any flux of information which could explain 
the origin of such a large and such a widespread negative fluctuation. As 

we have already seen in sec. 3, in the traditional framework a daily return which is 
dozens of times larger than the typical return simply should not exist. In fact according 
to the classical Economics picture of price dynamics the agents are fully rational and 
all endowed with the same information, markets are always liquid and by consequence 
they arc substantially efficient and in equilibrium. If these assumptions were true then 
the price dynamics would trivially follow the fundamental value and the fluctuations of 
prices would simply reflect the gaussian fluctuations of the flux of incoming information 
and would be always and almost immediately rebalanced by rational market participants 
[33]. 

The Black Monday perhaps had the merit to reveal to the world the inadequacy of the 
cause-eff'ect relation between information and price fluctuations. This inade- 
quacy was already clear for some pioneering scientists at that time but the equilibrium 
and rationality assumptions had not been really questioned before this dramatic event. 
In this respect we want to stress that the Black Monday losses are merely a consequence 
of one of SF that we previously mentioned, the fat tails that had been discovered about 
twenty years before by Mandelbrot [16]. In general almost all the SF hardly find a real 
explanation in the framework of traditional economical hypothesis. 

The research of the real causes beyond an anomalous flux of information 
was a perfect playground for the first modern multi ABM proposed by Kim 
and Markowitz in 1989 [34]. ABM usually do not have an underlying microeconomical 
foundation but they have turned out to be powerful tool in the last twenty years in 
order to go over the representative agent framework. ABM permit to easily investigate 
concepts such as heterogeneity, herding, illiquidity, lack of rationality. The firsts who 
really recognized the potential of ABM were two economists, i.e. Kim and Markowitz, 
who proposed the model which we are analyzing in this section. 

4'1.2. Agents and Strategies. The model is very focused on the causes of the Black 
Monday. In particular the authors of this model want to investigate whether the presence 
of hedging and portfolio insurance strategies [35] can destabilize the market or at least 
produce a significant increase of volatility. In fact at the very end the model tries to 
understand the link among volatility and portfolio insurance strategies. 

In practice the model has two classes of agents. The former type is called rebalancer, the 
latter portfolio insurer and both classes can trade two assets. As in many ABM these 
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two assets are a risk free asset and a risky one of which the return can be either positive 
or negative. In this model the risk free asset has a zero interest rate and we can identify 
it with cash. This choice for the interest rate produce a detrended price behavior. In 
fact the interest rate of the risk free bond introduces a deterministic trend in the price 
evolution which mimics the growth of global economy. Therefore there is not any loss of 
generality in setting this rate to zero with respect to the aim of the model. 
Each agent is endowed with a finite wealth Wt ~ qtPt + Cf where the set (g^, Ct) describes 
its portfolio composition at each time t: ct is the amount of capital invested in cash (the 
risk free bond) while qt is the number of stocks held and pt is the price of the stock. 
The composition of the portfolio (g, c) depends on the agent's strategy. 

The first class operates in order to keep the proportion invested in cash and in the 
risky stock constant given the constraint of finite wealth wt — qtPt + Ct'. 

(5) = a. 

Ct 

In the model a is set equal to 1 so that rebalancers invest half of their capital Wt in cash 
and half in stocks. 

The rule to define the portfolio composition of portfolio insurers is more sophisticated. 
This kind of agents aims at keeping constant the following proportion, given the con- 
straint deriving from finite wealth, 

(6) 

Wt- J 

where / is a fraction 7 of the initial capital uiq and j3 > \. This time the proportion is 
performed with respect to the wealth of the agents decreased by the minimum amount 
/ of the capital which these agents want to have guaranteed. 

The rebalancers have a stabilizing eflfect on the price behavior because if price 
goes up then qtpt also grows, therefore in order to verify the condition given by eq. 5 
they update their portfolio (g, c) reducing their exposition in the risky asset. In sec. 
4' 1.4 we are going to see that the mechanism for the price evolution assumes that the 
price variation is produced by the supply /demand imbalance. In this way the price will 
tend to decrease at the following step. Obviously the opposite update strategy of (9, c) 
holds if the price goes down. 

Instead portfolio insurers can destabilize the market because their response to a 
price variation is the opposite with respect to rebalancer action. In fact if the price of 
the risky stock grows, their wealth grows too. Then the update of the portfolio consists 
in a higher exposure in the risky asset and consequently their action will continue to 
fuel the price growth and viceversa if price decreases. The choice of a constant /3 larger 
than 1 amplifies the response of this type of agents when they update their portfolio 
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composition. 

In sec. 4'1.4 we describe in details how the portfoho {q,p) of each agent is reviewed. 

The model is characterized by heterogeneous strategies (i.e. two ones) but there is not a 
real heterogeneity inside the two types of agents because all rebalancers and all portfolio 
insurers respectively share the same parameters for their strategies, (a for rebalancer, 
/3,7 for insurers). 

Changes of strategies are not allowed in this model. The unique change consists in 
removing those agents whose wealth is zero. 

4'1.3. Number of agents. The number of agents is trivially dependent on the time 
because if the wealth of an agent goes to zero then she is removed from the market. We 
recall that the wealth value at the end of each trading day is wt = qtpt+ct where pt is the 
closing price of that day. Consequently the number of players is always non increasing. 
We said that this dependence is trivial because this model does not aim at investigating 
this feature and therefore it substantially belongs to the class of ABM characterized by 
a fixed number of agents. 

4' 1.4. Price formation. The price evolves according to the imbalance between sup- 
ply and demand due to the updates of the portfolio compositions. The mechanism for 
the execution of orders resembles a very simple order book-like mechanism which permits 
to take into account the effect of finite liquidity. Orders due to the review of the portfolio 
composition are executed only when a buying request is matched by a selling request at 
the same price. 

Moving to the details of such a mechanism, an agent decides to update her/his port- 
folio at random interval. This means that the order submission is asynchronous as in 
real dynamics of order books and trades take place at discrete time. In order to de- 
cide how to rebalance the portfolio the investors must estimate the next price and this 
forecast is called Pest- We want to stress that even if all agents of a class share the 
same parameters, the update of their portfolio is in general different because of the asyn- 
chronous update rule and consequently because of the different configurations of orders 
encountered to estimate the next price. Four scenarios can happen: 

• There are not orders at this time: Pest is assumed equal to the previous trading 
price 

• There arc only buy orders stored in the market: the investor who is currently 
reviewing his/her portfolio expects a price increase andpest = 1-01 max(pf,„j^) where 
max(pf,„y) is the highest buy order stored. 

• There are only sell orders: the investor who is currently reviewing his/her portfolio 
expects a price decrease and Pest = 0.99 min(pse;/) 
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• There are both sell and buy orders: the investor set Pest = [niax(ph„y)+min(pse;/)]/2 

The amount of stocks to sell or buy in order to rebalance the portfolio is fixed by the 
difference between qtPest and the target value set by the strategy of the agents. For 
instance if the agent is a rebalancer and qtPest > Wt the agent will put a sell order, 
viceversa if the opposite inequality holds. The price of the submitted order (both for 
insurers and rebalancers) is equal to 0.99pest if the agent is selling, to l.Olpest if the 
agent is buying. The order can be immediately matched if an order of the opposite type 
is present in the market and the order execution fixes the new trade price, otherwise the 
order is stored. 

A trading day is declared closed when every investors has reviewed their portfolio at least 
one time and the agents whose wealth wt is equal to zero at the closing price are removed 
from the simulation. In [28] it has been shown that this rather complicated mechanism 
for the price update can be replaced by a more easier relationship among price variation 
and excess demand and the authors of [28] find approximately the same results. 

4'1.5. Origin of SF. This model does not directly deal with the problem of SF as 
we have already mentioned. Some later studies (for instance see [28]) check whether the 
model is able to reproduce some SF. The conclusion is negative but wc cannot say that 
this is really a negative point because we are testing the model on a task for which it is 
not designed. 

Let us move to a brief review of the main results of this model. The simulated mar- 
ket exhibits increasing volatility and trading volume for increasing values of 
the fraction of portfolio insurers. The main drawbacks of the model are the quasi- 
periodic behavior of prices when the fraction of portfolio insurers is large. In [28] it has 
been shown that there exists a positive correlation between the fraction of bankruptcy 
and the initial fraction of portfolio insurers and between the fraction of bankrupt insur- 
ers and the fraction of initial portfolio insurers. They also show that if the number of 
initial agents is increased then the fraction of bankruptcy is reduced and consequently 
the volatility grows with respect to a case with less agents. 

In the end a trivial decreasing volatility in time is observed because of the removing rule 
of zero- wealth agents. 

4'1.6. Discussion realism/tractability. The model was introduced to study the 
stability of financial markets with respect to agent strategies. Thus, being the first real 
ABM, the model has the merit for searching endogenous causes of the instabilities of 
markets. From this point of view this work is pioneering and opens a novel vision and 
approach of market problem. Nevertheless the absence of replacements for the bankrupt 
agents and the quasi-periodic pattern of prices reduces its success in explaining market 
instabilities. 

Furthermore the model makes a set of too simplistic assumptions and introduces an 
unnecessary degree of complication for the mechanism of price evolution. In [28] the au- 
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thors show that similar results can be obtained with a much easier price rule. Therefore 
the complication of an order book-like mechanism for the trading activity does not intro- 
duce any real added-value and only reduces the tractability of the model. But we want 
to stress that liquidity is not only a cosmetic ingredient in the framework of multi-agent 
modeling. We only argue that in the this particular context the complicated mechanism 
for the order matching does not have any concrete effect on the main task the model was 
designed for. This aspect shows a typical problem of agent-based modeling: the 
optimal trade-ofT between realism and essential ingredients in order to under- 
stand the matter in hand. In other models instead we will highlight the trade-off between 
tractability and realism (see Fig. 2). 

4'1.7. Self-Organized Criticality. This aspect is not addressed in this model. 

4 2. Santa Fe Artificial Stock Market . - 

4'2.1. Aim. The Santa Fe artificial stock market is the result of the collaboration of 
two computer scientists, a physicists and two economists at Santa Fe Institute [27]. In 
this section we will analyze the model presented in [27] which is the most interesting ver- 
sion with respect to SF and complexity of financial markets. However, those interested in 
an earlier report about Santa Fc artificial stock market can see [36] . The work proposed 
in [27] was born in the same line of Kim and Markowitz model, the Black Monday and 
the consequent unexplainable worldwide crash in 1987. We can say that 1987 crash is a 
cornerstone which begun to erode the consensus on the standard efficient and rational 
financial theory in the economical community. 

We briefiy report the justification of the introduction of this model. The question of 
whether the market is efficient and rational or not is not only an interesting academic 
problem. In fact the conclusion of standard financial markets is that homogeneous ra- 
tional agents endowed with the same information have no incentive to trade and the 
exchanged volumes should be nearly zero. In addition technical trading strategies can- 
not be profitable in an efficient world where prices always follow their fundamental value. 
It is curious that this vision of financial market was not seriously questioned until 1987 
and it is also curious that the academic community of Economics does not recognize im- 
mediately that there was something wrong in standard financial theory. The perplexity 
of the authors of the present review is motivated by the fact that empirical evidences of 
large volumes, of persistent volatility, of speculative bubbles, of sudden crashes, etc. 
On this account a very interesting discussion about the main differences between Eco- 
nomics and Physics with respect to their approach to empirical evidences can be found 
in [37]. It is clearly reported that there is a systematic lack of empirical validation of 
economical models until very recent time. 

In the last years changes have been observed and the attention to data is now becom- 
ing very important and we think that physicists can give a substantial contribution in 
turning financial economy in an observational science in which the criterion to refuse or 
accept a model can be only set through a validation with respect to empirical evidences. 
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This model aims at investigating the regime in which a market tends when 
the agents' forecasting strategies are heterogeneous. It is worth noticing that 
the authors maintain a neoclassical framework to model the market and the only new 
ingredient is indeed the heterogeneity in agents' forecasting action. Consequently the 
agents' homogeneous expectation docs not hold and the price equilibrium problem can- 
not be anymore solved by deduction or by logical reasoning. In such a heterogeneous 
scenario this work wants to investigate whether or not the agents' strategies tend to a 
rational and homogeneous state or whether agents are able to select technical strategies 
and build a realistic dynamics of prices. 

4'2.2. Agents and Strategies. This artificial market is composed of two tradable 
financial assets, a risk-free bond with interest rate r and a risky asset which pays a 
stochastic dividend dt. 

The set-up of the model is neoclassical, i.e. the model is built following the frame- 
work of standard financial theory. Differently from other ABM this model has a micro- 
economical foundation in some extent. In fact agents aim at maximizing their utility 
function U(c) where c is their wealth. The authors choice a standard utility function 
U{c) = — exp(— Ac) with a constant absolute risk aversion whose is measured by A that 
is the same for all agents. 

The number of shares of the risky asset is equal to the number of agents. 
The maximization of the utility function corresponds to find the optimal composition of 
the portfolio between the bond and the risky stock. It is a well-known result of standard 
economical theory that the optimal allocation Xi^t of the risky asset in such a scenario is 

/-N E^^t[pt+i + dt+i] ~ pt{l + r) 
(7) Xi^t = T-^ 

where Ei^t['] is the forecast function used by agent i at time t and cr^^ measures the 
confidence of the prediction Ei,t[pt+i + dt+i]. 

The deviation from the standard neoclassical scenario is introduced at this 
step: the rationality and homogeneity hypothesis would be normally invoked, so that 
the agents' index can be neglected and strategies confidences arc necessarily all equal. 
Consequently the agents can deductively find the solution of the clearing price equation 
and they would find that pt ~ Sjli E[dt+k\It\ where /3 is a discount factor. In this 
way the process will reflect the price of the fundamental (i.e. the dividend) on average 
and the fluctuations of the price are only driven by the fluctuations of news It (see [33]). 
The novelty of the model is the introduction of the heterogeneity in the 
agents' expectations £";,*[■]• Now it is impossible to solve the clearing price equation 
by deduction since agents must guess the others' expectation rules and there are not any 
logical criterions to perform such a task. Then agents inductively learn, they have to 
compete in a heterogenous world of strategies and form their expectations by adaptation. 



22 



M. Cristelli, L. Pietronero, and A. Zaccaria 



In practice agents have M expectational models called predictors. Each predictor is 
composed of the expectational strategy and of a part which determines in which state of 
the market the strategy is potentially available for the agents. The state of the market 
is described by a vector of J bits at each time, if the corresponding part of the predictor 
matches the current indicator then the associated strategy can be used by the agent. If 
more than one strategy matches the current state of the market, the agent picks the one 
with the best score. In fact when a strategy is used and when the clearing price is made 
public its score is updated and receives a higher score, the higher is its accuracy in the 
price forecast. 

In details the update of the accuracy of a strategy is the inverse of the moving average 
of the squared errors = (1 — a)e1_i + a(pt+i + dt+i — Et\pt+i + dt+iXf- The param- 
eter a plays the role of the speed update of the quality of the strategy, the higher is a, 
the higher is the weight of the last update. This is the first mechanism of selection of 
strategies: the most used and the most accurate strategies will be selected and used by 
the agents. 

Before turning our attention to the second source of adaptation and selection we must 
describe how the expectational part of the predictor E[-] is made. The expectation func- 
tion is linear and its parametrization is: E[pt-\.i -\- dt+i] = a(pt -\- dt) + b. Therefore in the 
end each predictor turn to be a strategy described by the couple of parameters (a, b). 
The second source is a mechanism which introduces new predictors discarding the worst 
performing strategies of agents. This happens through a genetic algorithm which asyn- 
chronously replaces the worst strategies with new ones obtaining them by picking and 
recombining two predictors of the agents. 

We are going to see that the frequence of activation of this algorithm is a 
crucial parameter for the model and will give rise to different regimes. 

4'2.3. Number of agents. The number of active agents is constant over the time 
because all agents arc endowed with the strategy which matches all the possible states 
of the market, so that there is always at least one predictor which matches the market 
state at each time step. The typical number of agents in [27] is 25. We are not aware of 
systematic study of the model properties with respect to the number of agents. 

4'2.4. Price formation. As in most ABM the feedback between agents' actions and 
prices is represented by the price clearing mechanism. The clearing price pt at time t is 
the equilibrium price from the direct solution of the equation 



where i is the agent's index, Xi,t is the demand of shares of the agent i at time t {xi,t can 

be both positive and negative) and N is the available number of shares . 

At the beginning of the time step the value of the stochastic dividend dt is made public. 



N 



(8) 




i=l 
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The dividend follows an autoregressive process dt = d+p{dt-i—d)+et, where d represents 
the average dividend paid by the risky asset, e is a gaussian random variable and p is the 
strength of the mean- reverting tendency of the autoregressive process. This parameter 
is chosen close to 1 so that dt performs a quasi pure random walk. The explicit form of 
Xi^t is given by eq. 7. 

4'2.5. Origin of SF. The model is able to reproduce both the regimes it was intro- 
duced for depending on the values of the parameter that rules the frequency 
of activation of the genetic algorithm. 

If this frequency is high enough the model reproduces a non rational regime - with re- 
spect to the concept of rationality in standard financial theories - otherwise the agents 
converge to a homogeneous strategy very close to the rational solution of this neoclassical 
artificial market and the price behavior follows the fundamental and small trade volumes 
are observed. The non rational regime is observed if the genetic algorithm is invoked 
each 250 time steps, while the rational one if invoked each 1000 time steps. The update 
of the strategies is asynchronously performed by the agents. 

We focus our attention on the non rational regime which is characterized by clustered 
volatility and fat tails. Unfortunately the authors do not give a quantitative descrip- 
tion of this SF. They generically say that fat tails are similar to the daily returns of IBM 
stock and a GARCH-like behavior of the volatility is observed. The most interesting 
result is the emergence of technical strategies differently from the rational 
behavior. In fact all predictors are divided into two groups, one part of bits measures 
fundamental properties of the price and the second part essentially arc technical proxies 
for the price trends. Therefore it is possible to monitor whether fundamental or technical 
strategies are used by agents. Only in the non rational regime both strategies are selected 
and coexist. 

We have said that the main parameter that determines which regime is observed is 
the frequency of activation of the genetic algorithm. If agents slowly explore the strategy 
phase space the rational homogeneous solution is an attractor. Instead if the rate of 
introduction of new predictors in the model is high enough the agents arc not able to 
learn the rational solution and technical trading strategies sclf-rcinforcc their feedback 
so that they persist in this virtual market. However, the conclusion is in some extent 
trivial because this frequency of activation plays the role of a source of disorder 
that can be seen as a sort of market temperature. 

For increasing values of this temperature the strategy fluctuations introduced by the ge- 
netic algorithm do not give enough time to allow the emergence of the rational solution 
and instead these fluctuations permit the stable existence of technical strategies. In this 
respect we argue that the real parameter that rules the regimes of the model is the ratio 
between the frequency of the genetic algorithm and the coefficient a which sets the speed 
of updates of the strategies. 
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In this interpretation the real stable solution is the rational one in agreement with the 
standard financial theory and the non rational regime is an artifact of the high rate of 
introduction of new strategies which prevents the learning and the adaptation of the 
agents. Obviously it can be argued that this could a possible explanation applicable to 
real markets too, where agents are not usually aware of other agents' strategies and of the 
changes of others' strategies. However we think that the explanation of the rich market 
ecology cannot be reduced to a system only driven by the uncertainty of the strategies 
operating in that system. 

4'2.6. Discussion realism/tractability. This is one of the few model with a micro- 
economical foundation and a set-up very close to the traditional approach to financial 
markets. 

However, by simply introducing the heterogeneity in the future expectations of 
agents the model shows that non-rational scenario dominated by technical traders 
can become the inductive rational solution, where by rational we mean that the 
technical strategies in such a regime become competitive with respect to fundamental 
ones and are not eliminated from the market. 

The attempt to be a trait d'union with classical economical theory is an element of 
realism. 

The model does not allow for any analytical approach and has a very limited tractability. 
In fact the model is very complicated nonetheless the two regimes appear to be ruled 
only by a single parameter. This suggests that this is not the minimal set up as for Kim 
and Markowitz model. 

In the end the main conclusion is that SF can be interpreted as a reinforced feedback 
effect mainly due to the strategy disorder. This conclusion would be the opposite opinion 
of many specialists according to which the coherence of strategies and their homogeneity 
can give rise to systemic instabilities and markets crashes. 

4'2.7. Self-Organized Criticality. The model shows that there exist two stable 
states which are mainly driven by the frequency of activation of the genetic algorithm. 
One of these two states produces a price dynamics which has statistical properties which 
are very similar to the real ones. Thus, as many other ABM, it shows that a stable 
and self-regulated state which exhibits SF can exist but the model does not address the 
problem of how this state can be reached and why markets should self-organize around 
this values of the frequency for the genetic algorithm. 

In brief the model does not cope with the dynamics of the market self-organization. 
4'3. Minority Game. - 

4'3.1. Aim. Thanks to its mathematical structure, the Minority Game (MG) [38, 39] 
is the most studied ABM. Consequently, many different versions of this model exist, with 
very different aims. The very first formulation, due to Arthur [40], is known as "The 
El Farol Bar Problem" and studies inductive reasoning in scenarios of bounded 
rationality. 
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Challet and Zhang [41] gave a matliematical formulation of the problem. In this review 
we will analyze a model proposed by Challet et al. [42] that specifically addresses the 
problem of the appearance of the SF, still conserving all the main ingredients of the 
classic MG. 

4'3.2. Agents and strategies. The MG is based on a simple concept. Let us suppose 
that an agent can choose between two options (these options are typically buy or 
sell a given amount of stocks) . That agent will receive her payoff if, after all the agents 
choice, it will turn out that she took the minority side, that is she pick the less chosen 
option. This criterion may appear simplistic, but gets the point that one can exploit the 
price variations due to other agents' operations if one has previously taken the opposite 
side. 

Wc now discuss the generic features of the MG. 

There are N agents in the market. At each time step t each agent can choose to buy or 
sell stocks. Consequently, the function that describes the action of the i-th agent, ai{t), 
can be equal to either +1 or —1. We define the excess demand at time t as 

N 

(9) A{t)=J2^^it)- 

It should be noticed that the agent can not choose the volume of her operation. 

The fact that the minority side wins is considered introducing an utility function 
or a payoff given by 

Ui{t) = -a,{t) F[A{t)] 
where F is an odd function of A{t). 

Numerical simulations [43] have shown that the main features of the dynamics are 
left unchanged if one varies the functional form oi F. In the following we will take 
F[Ait)] = Ait). 

At each time step, the public information is given by a random number = 1, ...,P 
and the series of the previous M results of the game: +1 if the majority has played 
a{t) = 1 and —1 otherwise. So the parameter M can be seen as the agents' memory, and 
the number of possible signals is 2*^. 

So far we have presented the generic rules of practically every version of the MG. Now 

we discuss the specific features of the model proposed by Challet et al [42]. 

The N agents are divided in two groups with different strategies: the producers and the 

speculators. 

The former act in a deterministic way with respect to the state of the world the 
action ai(t) = ±1 depends only on /i and it is extracted from a bimodal distribution 
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with equal probability (any distribution with zero average and unit variance leads to 
the same results in the limit N oo). So, the producers inject information into 
the market, representing the underlying economic activity and so are similar to the 
fundamentalists in the Lux-Marchesi model (see sec. 4 5). 

The speculators use adaptive strategies, like in most versions of the MG, but with 
the possibility to not enter in the market. Each speculator has a set of strategies, that is 
maps from the available information (the state of the world and the previous outcomes) 
to the action, that can be buy, sell (that is, be active) or stay inactive. 
In order to decide which strategy is adopt at time t, the agent estimates the performances 
of her strategies and chooses the best one. At each time step the performance of the 
strategy s is given by 

U,,s{t + 1) = UUt) - <i*^^(0 + e'5..(t),o- 

where <5s.(t) g is Kroneckcr delta function. Therefore, the active strategies are rewarded 
with the profit they would had brought if they have played, while the inactive strategy 
is rewarded with a constant premium e. Hence, an agent will enter in the market only if 
she had a strategy with an average gain larger than e. This can be easily interpreted as 
a risk-free asset such as a Treasury bill. 

4'3.3. Number of agents. As we have seen in the previous section, the total number 
of agents is fixed, but at each time step they can choose to operate or not, so that 
the effective number of active agents varies over time. For this reason, using an 
analogy with Statistical Mechanics, one often refers to this model as the Grand Canonical 
Minority Game (GCMG). 

4'3.4. Price formation. Being the excess demand A{t) given by eq.(9), the price is 
updated with the rule 

logp(t+l) = logp(0 + ^ 

where A is a measure of the market depth. The return r(t) is therefore basically given 
by the excess demand. 

4'3.5. SF and their origin. If only producers were active in the market the price 
would follow a random walk and the emergence of the SF is due to the activity of 
the speculators. Moreover, volatility clustering, fat tails and market crashes display a 
power law behavior and increase with the normalized number of speculators, Hs = N^/P. 
The exponents depend on the specific parameters used in the simulation. The responsible 
for large price movements are the inactive agents that does not interact when out of the 
market but can enter at the same time if their strategies are similar. 
Challet et al. [44] studied a version of the GCMG that is very close to the one presented 
here. They found that in their model the SF are finite size efftects, being present in 
a limited region of the parameter space that shrinks as iV^^/^ in the limit N ^ oo. 
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4'3.6. Realism and tractability. The level of realism and tractability is different 
for different versions of the MG. 

Many realistie features have been added and studied taking the elassic MG as a starting 
point: agents with finite or evolving wealth, agents using eorrelated strategies or acting 
at different frequencies, markets with more than one asset and so on (for these and other 
possible extensions, see [38, 39] and references therein). If one considers all versions, 
many different aspects of real financial markets are taken in consideration. 

The MG is, among all the ABM, the most studied from an analytical point of view. 
The first step is due to Challet et al. [45], that showed that the stationary state of the 
dynamics is related to the minima of the so called predictability 



This observation opened a connection with Statistical Mechanics, as it turned out that 
the ground state was the same of a system of disordered spins. For example, using the 
replica method [46] they solved the basic model exactly and showed that the ground 
state is not a Nash equilibrium [2], that is, it is not individually optimal. This kind of 
approach can give revealing insights into almost every version of the MG. 

4'3.7. Self- Organized Criticality. The problem of Self-Organization is mentioned 
but not systematically addressed. 

4'4. Caldarelli, Marsili and Zhang: a prototype of stock exchange. - 

4'4.1. Aim. In this work [47] the authors focus their attention on the endogenous 
mechanisms of financial markets and show that these ingredients are sufficient to obtain 
a stable and self-organized market in the sense that external (i.e. exogenous) rules are 
not required to stabilize the price behavior. 

4'4.2. Agents and Strategies. There are two tradable assets: a risk free asset with 
zero-interest rate (i.e. cash) and a risky stock. All agents are speculators so that they 
all aim at increasing their wealth and at each time time their action consists in updating 
their portfolio composition of stocks and cash according to their current strategy. As in 
many models with two assets, the agent wealth is Wt = Mt +ptSt where Mt is the cash 
owned by the agent at time t, St is the number of shares of the stock and pt is the price 
of the stock. 

All the agents share the same information which consists in the price time series. 

The agents' strategies depend only on the price history and consists in updating her 

owned shares in the following way 




p 



(10) 



2n 
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where the index i denotes the agents. The parameters 7,r specify part of the agents' 
strategies. The speculative fraction Xi^t of stocks Si^t which the agent would like to buy 
or sell (according to the sign) is 



where Fi[-] is the strategy of agent i. In detail the function Fi[-] is a linear combination 
of moving time averages of derivatives of logpi 



The choice of this kind of paramctrization and the value of / are somewhat arbitrary (on 
this account see sec. 4'4.7). On the other hand, a similar freedom is not allowed for the 
choice of Fi[-]. In fact this function must satisfy the constraint Fi[x] < 1 \fx and must 
be consistent with a realistic investment behavior. For instance for large crash agents 
could become very prudent, hence Fi[x] 1 for large values of x. This hypothesis may 
be questionable since large negative fluctuations can give rise to self-reinforcing waves of 
selling which cause the collapsing of financial bubbles. However, the final choice of the 
authors is F[x] = x/[l + {x/2)*]. 

Let us now interpret the two terms eq. 10 is composed of. The first term on the right 
side of eq. 10 mimics a chartist strategy: in fact the speculative action of the agents is 
the result of the observation and the analysis of the past trends. Agents primarily act 
as technical traders. As all trend-based strategies, their impact can be potentially 
destabilizing. 

The second contribution of the agent's action AS^.t on the market plays a role similar 
to rebalancer agents in Kim and Markowitz model. In fact this contribution tends to 
rebalance the portfolio composition in order that Si,t/Mi^t — "fi/pt- The parameter r 
sets the characteristic time that is required to perform the portfolio rebalancing. This 
term has a stabilizing effect because the higher will be the price, the lower will be the 
relative exposure on the risky stock (relative with respect to the cash amount Mi^t)- 

To sum up, once fixed the parametrization of the strategy and the function the 
strategy of the agent i is univocally determined by the set of parameters {771 , . . . ,rji,T, 7}^. 
Thus, in this model agents arc really heterogeneous with respect to the strategy, because 
the same price history leads to different actions differently from Kim and Markowitz 
model, where different decisions are the result of different signals and not of different 
strategies within the same class of agents. 



(11) 



Ft[pt,Pt-i, ■ ■ ■] 




r ' 



(12) 



4"4.3. Number of agents. While the total number is kept constant, the number of 
active agents are not a static quantity differently from Kim and Markowitz model. In 
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fact at each time step the poorest agent is removed from the market and replaced by a 
new agent endowed with new random strategies. It is sense the population of traders is 
dynamic. 

However, the question of the non-stationarity of the number of active traders is not 
addressed in the model. 

4'4.4. Price formation. The feedback between prices and agents' actions is per- 
formed by a Walrasian mechanism of price update, that is the price response is propor- 
tional to the demand/supply imbalance. 

At each time step t the previous clearing price is made public and each agent places 
an order according to eq. 10. The excess demand EDt is the sum of the demand 

^,AS^,t>o ^^i,t ^^'^ supply Ot — Z]i,AS,,t<o "^^^ ^^^^ °^ liquidity is 

introduced simply comparing supply and demand, for instance if Dt > \0t\ then the 
fraction of stock that an agent is really able to buy is SSi^t = ^Si,tOt/ Dt and viccversa 
if supply exceeds demand. The trading rules of the model are also provided with small 
buying transaction costs and small random fluctuations of the amount of agents' cash. 
The next price is fixed in order to be the price at which the excess demand is cleared 
and therefore 



where (•) is an exponential moving average. This equation describes a multiplicative 
evolution of prices and this is why authors choose the logarithmic of the price as the 
price indicator. 

4'4.5. Origin of SF. We can argue that the competitive action which is present 
at each time step in agent's operations AS'^^j is the origin of the SF in this model. 
In fact, if the model is suitably tuned, the two terms of eq. 10 counterbalance each 
other giving rise to a market which shows fluctuations at all scales without the need of 
exogenous regulatory rules to stabilize the market behavior. This is probably the origin 
of the fat-tailed pdf of returns that decays with an exponent close to 2. This SF is 
not reproduced in a quantitative way since real markets show a larger exponent typically 
ranging from 3 to 5. 

Moreover the model does not have simple arbitrage opportunities because the 
autocorrelation function of returns is substantially zero. In the end the return distribu- 
tion shows a scaling exponent similar to the real one when the aggregation of returns is 
performed that is F(r, t) = -^0.62^^^^-0.62^ where r is the time lag at which returns r 
are calculated. The crossover towards gaussianity for large values of t is not observed 
but this could be caused by the fact that all agents have a very similar time horizon of 
their investment strategies (in fact there is only a small degree of heterogeneity in the 
characteristic time t of the rebalancing term of their strategies). 

For the rank-size rule of agents' wealth the authors find a power law behavior with 
exponent very close to 1, as in real cases. 



(13) 



(A) 



Pt+i = pt 



(Ot) 
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4'4.6. Discussion realism/tractability. Tractability is not a strong point of model. 
In fact the model requires a very fine tuning of strategies F[-] and of parameters in order 
to obtain a stable regime for prices, at least for the time scale investigated in the original 
paper (10'^ — 10^ time steps. 

In [48] it is argued that the model is asymptotically unstable that is the price converges 
to zero or diverges for t — > oo). In this sense this model would not be really self-organized 
and would not be stable without external regulatory rules. 

However, the time unit of the model is not explicitly calibrated thus the model could be 
substantially stable for times long enough to conclude that endogenous ingredients are 
sufficient to reproduce a self-regulating market. 

Anyhow, this kind of instabilities is typical of multiplicative dynamics such as pt+i = 
atpti where even very small biases with respect to at = 1 can lead to dramatic crashes 
or divergences at very long times. This can be explained by the fact that the functional 
form F[-] is fixed: then this could introduce a systematic bias. 

Furthermore multiplicative dynamics usually makes the tuning operation of the 
model very difficult because multiplicative models does not even exists in a stable form 
in most of the phase space of parameters, and in this case in the phase space of strategies 
F[-] too. All these elements are conflicting with the aim of the authors which consider 
their prototype as a first step towards a systematic analysis of the role of each element 
of financial markets and, ultimately, with the tractability of this model. 

With respect to realism, this model is one of the first ABM which is able to partially 
reproduce the main SF in a quantitative way and has the merit to reach this goal in- 
troducing only a self-regulated market through the feedback between price evolution 
and agents' actions. To our knowledge it is perhaps the first model which underlines the 
non-trivial problem of a self-organized market. The model shows that a quasi-stable self- 
organized state can exist but does not answer the question of how this state is reached 
and how it is restored. 

It is worth noticing that the problem of a self-organizing market is neglected by econom- 
ical literature. 

On the other hand complex systems usually exhibit self-organized or adaptive behav- 
iors and therefore physicists are familiar with this kind of phenomena and the self- 
organization is consequently a problem which is typically handled in works by physicists 
(sees. 4'6 and 5) 

4'4.7. Self-Organized Criticality. This work is one of the first which deal with 
the self-organization of the market. The model produces a stable market given some 
particular classes of functions F[ptPt-i, ■ ■ ■] and some very restricted areas of the phase 
space of its parameters. This is not a surprising aspect since most of ABM require a fine 
tuning of parameters to obtain a realistic behavior and in some case even to obtain a 
stable behavior of prices. The authors argue that the simulated market is self-organized 
in the sense that external rules (i.e. exogenous forces) are not needed in order to obtain a 
realistic and stable market once the model is tuned. Therefore one of the most interesting 
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conclusion of the model is that a realistic price dynamics, that is a price dynamics 
which exhibits SF, can be explained by fully endogenous mechanism between 
agents' actions/strategies and prices. 

But the key problem of market self-organization is not addressed. In fact why should 
markets be self-organized in this particular state deriving from the fine tuning of the 
model. Why only a particular class of strategies can give rise to a stable and realistic 
market and consequently why agents should select these strategies. They only show that 
a self-organized state can exist and can be generated by endogenous dynamics but they 
do not answer to the dynamics question of how the market reaches this self-organized 
state and how the market is able to restore this state if it is driven far from the state of 



This point is usually neglected by most of ABM but some exceptions arc the model 
reviewed in sec. 5. 

4'5. Lux and Marchesi model . - 

4'5.1. Aim. The aim of the Lux-Marchesi model [49, 50] is to show that the scaling 
laws that are observed in financial markets can arise from agents' mutual interaction. In 
particular, Lux and Marchesi stress the clear difference between the statistical properties 
of the model input, i.e. the normal noise that makes the stock fundamental price evolve 
in time, and the output, that is the price dynamics produced by the agents' operations. 

4'5.2. Agents and strategies. The agents are divided in two categories: the fun- 
damentalists, who believe in the existence of a fair price pf for the traded stocks (and 
so, they sell stocks if p{t) > pj and they buy if p{t) < pj), and the chartists, that are 
noise traders whose behavior is dictated by herding and historical prices. While the total 
number of agents N remains fixed throughout the simulation, the number of fundamen- 
talists and chartists, Uf and Uc, are allowed to vary. 

The effect of the two classes of agents on the price is very different: while fundamental- 
ists have a stabilizing effect on the market, as their operations drive the price towards 
the fundamental one, chartists have a destabilizing effect and create bubbles and 
crashes. Furthermore, chartists agents are divided in two subcategories, optimists, who 
believe that the price will rise and hence always buy stocks, and pessimists, who be- 
lieve that the price will decrease and so, on the contrary, always sell stocks. Obviously, 
n+{t) + n-{t) = nc{t). 

At each time step each agent can change her category with a given transition probability. 
In this way, an internal dynamics within agents' classes is established. 
Using the same notation of [50] , the transition probabilities between fundamentalists and 
optimists and fundamentalists and pessimists are given respectively by 



SF. 



(14) 
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and 



(15) 7r_/ = 1^2! -^exp([/22) j 7r/_ = 1^2! ^cxp(-[/22) 

The parameter V2 is a constant and U21 and U22 are a sort of utility functions that quan- 
tify the difference between the instantaneous profits of the two strategics. The presence 
of the herding factor ^ introduces an intermittent dynamics between the populations 
and, as we will see in sec. 4'5.4, is intimately connected to the emergence of the SF. 
The transition probabilities between optimists and pessimists are 

Tl \ I Ti 

(16) 7r+_ = ^cxp(C/i)j 7r_+ -^exp(-;7i) 

where again vi is a constant. Note that the herding term in eq. 16) is different from the 
ones in eqs. (15) and (14): this difference will turn to be important to generate the SF. 
The dynamics admits fixed points corresponding to zero agents in one of the categories. 
These cases are avoided by imposing suitable lower limits. 

4'5.3. Price formation. At each time step the price is increased or decreased of a 
tick (one cent) with a probability given by 



TTup = max[0, 13{ED) + ^] -Kdown = -min[0, /3(£'L') + /i] 



respectively, where ^ is a white noise that takes random traders into account and ED 
is the excess demand, that is, the difference between the aggregated operations on the 
market. 

In the case of fundamentalists, EDf = Uf^iji—pf): as we have seen, they sell if the stock 
is overvalued and buy if it is undervalued with respect to the perceived fair price. The 
chartists, instead, buy or sell a fixed amount tc of stocks according as they are optimists 
or pessimists, and so EDc = (?^+ — n-)tc- The parameters 7 and tc are constant. The 
total excess demand is ED = EDc + EDf. 

4'5.4. SF and their origin. The herding terms in the transition probabilities between 
fundamentalists and chartists give rise to an alternation between the two metastable 
states in which one population is predominant. This process has been studied for the 
first time by Kirman [51] and then, in two asymmetric versions that are closer to the 
Lux-Marchesi dynamics, by Alfarano et al. in [52] and Alfi et al. in [53]. These simplified 
versions permit to solve analytically the contagion models proposed. 
In the Lux-Marchesi model the most probable state is the one in which the majority 
of agents is fundamentalist. However, a stochastic fluctuation can trigger a bubble of 
chartism that can persist for a long time. During this period one finds a strong alterna- 
tion between optimists and pessimists, because their rates are both proportional to jf. 
Consequently, many buy and sell orders arrive in the market and the price goes quickly 
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up and down accordingly, causing an increment of volatility. This causes an inter- 
mittency between regimes which have fluctuations with difl"erent ampHtudes 
and, consequently, the emergence of fat tails and volatility clustering. 

Zawadowski et al. in [54] have studied the response to fundamental price drops within 
this model, finding a realistic overshoot. 

4'5.5. Realism and tractability. Lux and Marchesi have included various reasonable 
aspects in their model; the importance of herding, the price evolution as a consequence 
of excess demand, the alternation of stabilizing and destabilizing factors in the market. 
In order to do this, they have built a complicated dynamics in which the roles played by 
the 13 parameters involved is not clear. This leads to a realistic dynamics, but reduces 
the tractability of the model. However, in [50] the properties of stationary states are 
analyzed. In these states the price is equal to the fundamental one and there arc no net 
flows among the populations. The authors have studied the stability of these states and 
their relationships with the emergence of the SF. 

4'5.6. Number of agents. In the Lux-Marchesi model the total number of agents 
is fixed. On the contrary, the number of agents in each class can vary. Egenter et al. 
in [55] have shown that in the limit of large TV the Lux-Marchesi model is no more able 
to reproduce the SF. In this case all the agents become fundamentalists and so the price 
strictly follow the fundamental price. This mechanism can be easily understood if one 
considers a simplified asymmetric model for the population dynamics [53, 56, 57]. 

4'5.7. Self- Organized Criticality. The problem of self-organization is not addressed 
in this paper. 

4'6. Giardina and Bouchaud model. - 

4'6.1. Aim. The model introduced in [58] is built to be, as explicitly declared by the 
authors, a trait d'union between the tractability of Minority Games and the complicated 
Sante Fe virtual stock market. However, the resulting model is still rather complicated 
and a fine tuning of the model parameters is required. In fact this model is characterized 
by a large amount of parameters but the SF are only reproduced in a very small region 
of the parameter space. Then the natural question is why markets should self- 
organize in this particular set of parameters which are able to reproduce SF 
and how this state is restored by market dynamics if some fluctuations drive the system 
out of this state. The novelty of this model is that for the first time the problem of the 
self-organization is, at least qualitatively, discussed and addressed. 

4'6.2. Agents and Strategies. There are two tradable assets: a risky stock and a 
risk free bond with interest rate r. 

As in Santa Fc artificial stock market agents inductively adapt their strategies and learn 
from their past performances. All agents share the same information, that is the price 
times series up to the present, and agents at each time step can revise their portfolio 
composition by selling, buying or not varying the number of owned shares. 
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The update of the portfoHo is determined by the strategy with the best score at that 
time. Let us describe how this general set up is practicahy reahzed in [58]. 
There are TV agents which have S strategies of which 5* — 1 produce an action on the 
market and one instead makes the agent inactive. Each agent has a portfoUo described 
by the couple {4>{t), B{t)), where and B{t) are the number of stocks and bonds re- 
spectively. 

The wealth of an agent at time t is w{t) ~ (f>{t)p{t) + B{t) where p{t) is the stock price. 
The information shared by the agents are the last m price values and in details the agents 
only remember the signs of the returns. 

The strategies can be polarized at the beginning of the simulation, where for polarization 
we mean that the parameter P € [—1,1] takes values P < if contrarian are favored on 
average and P > if trend following strategies are favored. If P = there is not any 
bias in the strategy space. 

The agents are substantially chartists on a time scale m since they look at the 
price behavior to determine their action. However, if they estimate that the price is very 
far from its fundamental value, the probability of activation of a fundamentalist strategy 
grows regardless of the score of the chartist strategies. In such a way a stabilizing ten- 
dency is introduced when prices are too high or too low with respect to the fundamental 
value. 

On the other hand the effect of the chartists can cither stabilizing or destabilizing de- 
pending on the nature of their strategies that can be, on average, trend-contrarian or 
trend- follower. 

Nevertheless the nature of the strategy originating the decision, the agents can buy or sell 
stocks (or be inactive) converting a fixed fraction of their bonds in stocks or viceversa. 
This fraction g is independent on the agent and is assumed equal to ^ 1%. In formulas 
if an agent decides to buy, the order volume q{t) is 

(17) ,W^,,fl 

otherwise 



(18) q{t) = -gcPit). 

If the agent stays inactive then q{t) = 0. 

In the end, agents can randomly decide if buying or selling q{t) with a small probabil- 
ity independently on the price value or the fundamental value. This strategy can be 
interpreted in terms of irrational agents or in terms of occurrence of errors in trading 
activities. 

4'6.3. Number of agents. The total number of agents is constant but agents can 
decide to be active or inactive on the market. Therefore the number of active 
agents changes along time but this number is bounded from above. In addition, in this 
model the number of active agents is substantially proportional to the trading volume. 
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In section 4'6.5 we analyze the role of the variability of the number of agents with respect 
to volatility clustering and intermittency. On this account the presence of the inactive 
strategy is crucial in order to reproduce the intermittent regime in which SF are observed. 
The authors of this model investigated a wide range of TV up to 10000 but they do not 
observe a significant dependence of the model features on TV, differently from Lux and 
Marchesi model. 

4'6.4. Price formation. At each time step the relative order imbalance Q{t) is 

(19) Q^t)^^{q+it)-q-it)) 

where $ is the total number of shares of the risky stock which is assumed to be constant 
on time, so that Q^{t) = q^{t)/^ and Q^{t) = q^{t)/^ are the fractional volume of buy 
and sell orders respectively. 

The clearing mechanism simply assumes that the log returns of prices are proportional 
to the demand imbalance such that 

(20) log{p{t + l)/p{t))^X-'Q{t). 

The parameter A can be interpreted in terms of market stiffness: the larger is A, the 
smaller is the market response given the same imbalance Q{t). 

The authors also analyzed the effect of other choices for the clearing rule assuming 
\og{p{t + l)/p{t)) = \^^Q{t)°' with a < 1 as in real market [59, 60] but there is not a 
crucial dependence on the price update rule in this model. 



In general the number of sell orders is not perfectly matched by buy orders and then 
the model introduces a phcnomcnological mechanism to ensure that the number of sold 
shares is equal to the number of bought ones. The number of shares that can be effectively 
bought at the new price is 

(21) Q+{t)^Q+{t)- P^^^ 



Pit + l) 



and consequently the fraction of filled buy and sell orders arc respectively 0+ ~ min(l, Q" /Q^) 
and — min(l, Q+ZQ"). The amount of riskless bond and risky stocks are updated 
according to </>"'" and ■ 

The microscopic interpretation of such a clearing mechanism is that there is a fraction 
of orders that are usually unexecuted as it happens in a real order book with a double 
auction mechanism. In some extent this choice for the clearing mechanism corresponds 
to the existence of market orders, i.e orders immediately executed and limit orders, i.e. 
orders stored in the order waiting for a counter order able to match it. 



The strategies and the agents' actions on the market set the price update. The price 
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variation determines the effective portfolio evolution ((j)'^ , (j)" ) and in the end the update 
of the scores of the strategies an agent is endowed with. All the strategies are updated, 
both if they have been used and if they arc inactive at that time. At each time the new 
score of a strategy is the weighted average of the previous values of the score and of the 
virtual profit of that strategy. The parameter that defines the weight of this average sets 
the memory on which the strategy performances are remembered by agents. 

4'6.5. Origin of SF. The model is characterized by three regimes which depend 
mainly on a couple of parameters, the ratio g/X which fixes the market response to an 
imbalance and the polarization P of the chartist strategies. 

A rational regime is observed for large negative polarization (P close to —1) because the 
chartist strategies are almost all mean reverting and the stock price follows the funda- 
mental one. 

An oscillating regime is found for g/X < 0.4 and positive polarization, where periodic 
bubbles and successive crashes take place. This regime is characterized by large arbitrage 
opportunities and inefficiency. 

The most interesting regime which is obtained for g/X> 0.4 and P > —\Pq\ {\Po\ ~ 0.05) 
reproduces most of the market SF and is almost efficient. 

We now focus our attention on this intermittent regime which exhibits realistic fea- 
tures. The price time series shows volatility clustering (only for large values of 
g/X) and fat tails (the exponent of the tail distribution of returns is around 3.5). 
The investigation of the scaling properties of returns with respect to the time lag At on 
which the return is performed reveal a Ornstein-Uhlcnbeck-like behavior, i.e. the price 
is mean-revcrting on long time horizon and consequently the price fluctuations become 
constant and independent of At for large values of the time lag. This mean-reverting 
tendency is due to the finite wealth that cannot indefinitely fuel a divergence from the 
fundamental price. In fact the same behavior is observed when all the agents' strategies 
are random and therefore this effect is only due to the constraint represented by the finite 
capital. Such a convergence to a constant value is not observed in real price time series. 
The origin of the volatility clustering can be traced back to the fact that volume and 
volatility are correlated only in the high activity region while they result uncorrelated in 
low activity time. This non linear relationship produces a non trivial behavior for the 
volatility (sec [61] for further details). 

4'6.6. Discussion realism/tractability. The model matches most of the SF but, 
as Lux and Marchesi model, its building blocks are far from being the very minimal 
ones. Despite it can be approximately described by only two quantities P and g/X and 
allows for some analytic approaches in some regimes, the model has never been used 
for a systematic investigation of the market properties. In addition the model docs not 
integrate phenomenon such as herding or contagion which may be one of the principal 
mechanism which can fuel the growth of speculative bubbles. 
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4'6.7. Self- Organized Criticality. To our knowledge this is the first work that really 
addresses the question of the dynamics of the self-organization of the markets 
towards the intermittent state of the SF. Unfortunately the authors does not give 
an answer to this problem because they do not investigate the interesting argument 
proposed in [58] in the framework of their model. In fact they observe that in principle 
for small values of the ratio g/X the model produces very long bubbles and a reasonable 
behavior for investors in such a scenario would consist in increasing the invested fraction 
g (the model rules do not allow for such a dependence, g is fixed along the simulation) 
and therefore g/\ will spontaneously increase. We recall that the intermittent regime 
is observed for g/X > 0.4. Meanwhile small values of g/X also produces small rate of 
executions and therefore the market will tend to be more liquid that is A will decrease. 
Both the effects contribute to enhance the ratio g/X and the market enter into the 
intermittent regime. Once this quasi efficient regime with burst of activity is reached 
the ratio should become almost constant because the quasi-efficiency and the burst of 
volatility does not fuel anymore the growth of g/X. 

In the end it is interesting that the intermittent regime is obtained when the chartists are 
not mean reverting on average. This suggests that the destabiUzing effect of trend 
following strategies is crucial to understand and reproduce the intermittency 
of real markets. A similar conclusion is drawn in the model proposed in [53, 56, 57, 62]. 

4'7. The destabilizing effect of leverage. - 

4'7.1. Aim. The aim of the model proposed by Thurner et al. in [63] is to show how 
fat tails and volatility clustering can arise from the use of leverage and margin calls. This 
is done by running the simulations for different values of leverage. 

4'7.2. Agents and strategies. Thurner et al. consider two types of traders: noise 
traders (nt) and hedge funds (h). Both can hold assets (for example, stocks) or cash, 
or a combination of the two. In addition, there is a representative investor who invests 
(withdraws) her cash in the funds if their performance exceeds (falls behind) a given 
benchmark return r^™. We now describe the agents in detail. 

Noise traders' operations are random but still with a bias in order to make the price 
dynamics a mean reverting random walk with expected value equal to the fundamen- 
tal price pf. The fundamental price is common for all the agents and held constant 
throughout the simulation. Their aggregate demand is 

"*"7(^r 

and the time evolution of ^ntit) is 

loge„t(i + 1) - phgUit) + crvit) + (1 - P) log(iV.P/), 

where p and a are fixed parameters, 77 is extracted from a normal distribution and Ng is 
the number of shares of the asset. 
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The h-th hedge funds' weahh is the value of the asset plus its available cash 

Wh{t) = Dhit)p{t)+C{t) 

where Dhit) is the demand (in this model the agents' demand is always fulfilled). If 
the fund perceives a signal to buy, the cash is decreased accordingly. If C{t) becomes 
negative, the fund takes out a loan from its bank with a certain leverage \h{t) given by 

X Dh{t)p{t) 

In any case, this leverage is upper bounded by AjJ^, that, in general, can be different 
for different funds. However, the main features of the model are already present if 
= A*''^ V/i, so that we will restrict our analysis to this case. We can anticipate that 
A^-'^ is the key parameter to reproduce the SF: in fact for A*^ = 1 (that is, no leverage) 
the fat tails are no longer produced. 

Now we turn on the traders' operations on the market. In order to decide to enter 
in the market, the funds evaluate the asset mispricing m{t) = pf — p{t) and compute 
their demand accordingly. If m < 0, the asset is perceived as overpriced and so the 
demand is zero, that is the fund docs not enter in the market. Otherwise, the funds want 
to buy and the demand is proportional to both the mispricing and the fund's wealth: 

mWh 

J^h — Ph 

P 

where the parameter /3/i is a measure of the fund's aggressivity. For large mispricings the 
fund may need an amount of cash which exceeds the maximum leverage it can ask to the 
bank: in this case its demand will be set to the maximum value 

D, -\ —. 

If the fund stays under the maximum leverage and the price of the asset decreases, the 
fund must sell some of its assets in order to pay off its debt. This is called a margin call. 
A fund can go bankrupt if its wealth falls down a fixed threshold (10% of its initial 
wealth Wo in the simulations). In this case it is removed and reintroduced after Tmait 
time steps. 

4'7.3. Price formation. Given the traders' demands, the asset price is obtained 
imposing that at each time step the quantity supplied equals the quantity demanded, 
that is 



h 
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where the demands are expHcit functions of the price p{t), the sum is extended over ah 
the hedge funds present in the market and is the number of shares of the asset. 

4'7.4. SF and their origin. The authors have studied the statistical properties of 
price returns in two cases: the one in which only noise traders are present and the one 
in which funds are active too with different values of the maximum leverage A*^. 
With only noise traders the returns are (by construction) approximately distributed ac- 
cording to a gaussian. For A^^ = 1, that is funds are present but cannot use leverage, 
again the distribution docs not have fat tails. 

Letting funds use leverage creates fat tails. The tails are very asymmetric 

due to the fact that funds can only have long positions (because they act only when the 
mispricing is positive). The tail of negative returns can be fitted with a power 
law and the exponent decreases monotonically increasing A^^. 

The autocorrelation function of absolute returns for different values of A*^ is also 
studied. It decays with a power law with an exponent between and 1, as in real 
financial markets, even if no leverage is possible. It should be stressed that in this last 
case the correlation is reduced but this values are closer to the ones found empirically. 
All these properties are computed only in those time steps in which funds are active (that 
is, when to > 0). 

The origin of the SF can be explained in the following way. When only noise traders 
are present and when the funds cannot use leverage the price returns are normally dis- 
tributed. If the use of leverage is allowed and funds have not reached A*^, volatility is 
reduced, because funds tend to balance the mispricing, buying when the price is falling 
and therefore damping price movements. Instead, funds amplify volatility as soon as the 
leverage reaches A*^, because in this case the fund must sell when the price falls down 
because of the margin calls. Thus, a positive feedback is established, since the sales cause 
a further price drop, that in turn causes more sales and so on. These arguments can be 
made more quantitative under reasonable assumptions [63]. 

4'7.5. Realism and tractability. The model is focused on the investment dynamics 
of and on hedge funds and it is realistic and accurate in this aspect. Concepts like 
irrational behavior, herding and chartism are voluntarily not addressed, even if many 
authors suggest them as the principal causes of SF. The dynamics of the margin call 
is realistic. The authors, perhaps by chance as themselves admit, find a reasonable 
exponent for the power law fit of the return distribution for a value of the maximum 
leverage that is equal to the one allowed in the United States. 

The high number of free parameters (about 15) prevents an analytical tractability of 
the model. Nevertheless, in the Supplementary Information the authors, using some 
reasonable approximations, derive an estimation of the volatility for both the regimes of 
low and high leverage. 



40 



M. Cristelli, L. Pietronero, and A. Zaccaria 



4'7.6. Number of agents. Both the noise traders and the hedge fund investors 
are treated at an aggregated level and can be considered as representative agents. For 
example, the cash invested or withdrawn from a fund is the sum of all the cash flows 
from the traders. On the contrary, the number of funds ranges from 1 to 10. The number 
of active funds can vary according to the rules described in the previous sections. 

4'7.7. Self- Organized Criticality. The problem of self-organization is not addressed 
in this paper. Most of the parameters are fixed in all the simulations. The key parameter 
for the emergence of the SF is A*'', that is not varied during a single simulation. 

4 8. Credit network and bankrupt avalanches . - 

4'8.1. Aim. The aim of the model introduced by Delli Gatti et al. in [64] is to 
study the properties of a credit network and the causes of the emergence of bankruptcy 
avalanches. 

4'8.2. Agents and strategies. In this model there are three populations of agents: 
I downstream (D) firms, that produce consumption goods using labor and intermediate 
goods; J upstream (U) firms, that produce intermediate goods on demand from D firms 
and Z banks to whom firms may demand credit if their net worth is not enough to finance 
the wage bill. 

The D firms demand both for labor Ni{t) and for intermediate goods Qi{t) depend- 
ing on their financial conditions, that is captured by net worth Ai{t). Respectively, the 
demands of the ith firm are given by 

N,{t) = ciMtf and Q,it)=C2Mtf. 

The consumption goods are sold at a stochastic price Ui{t) that is a random variable 
extracted from an uniform distribution in the interval (0,2). The justification of these 
choices can be found in [64]. 

The U firms produce intermediate goods employing only labor, so that for the jth the 
demand is 

Qj{t)^C3Nj{t). 

The authors assume that many D firms can be linked to a single U firm but each D 
firm has only one supplier for intermediate goods among the U firms. The price of 
intermediate goods is 

p,{t) = l + r,{t)^aAj{ty'' 

where rj{t) is the interest on trade credit, which is assumed to be dependent only on the 
financial condition of the U firm. In particular, if the jth firm is not performing well, it 
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will give credit with a less favorable interest rate. 

While the production of D firms is determined by their worth Ai{t), the production of U 
firms is determined by the demand on the part of D firms 

ie<s>j 

where $j is the set of D firms that are customers of the jth U firm. Analogously, the 
demand for labor will be 

If the net worth of the firms is not sufficient to pay the wage bill W = C4N they will 
demand credit to a bank (we have not rewritten the i and j subscripts, as the previous 
formula may refer to a D or an U firm). For each firm the credit demand is 

B{t) = CiN{t) - A{t) 

where the functional form of N{t) changes if we are considering an U or a D firm. Again, 
we assume that many firms can be linked to a single bank but each firm has only one 
supplier of loans. Without entering in the details, we point out that the interest rate on 
loans is a decreasing function of the bank's net worth and penalizes financially fragile 
firms. 

4'8.3. Number of agents. The total number of agents and the number of banks, 
U and D firms are kept constant over time: bankrupt agents arc replaced one to one. 
However, in order to avoid cycles, the initial capital of the new entrants are small with 
respect to the average net worth. 

4'8.4. Description of the dynamics. Firstly we define the network dynamics, that 
is, how D firms look for its U firm and how D and U firms look for a bank to take their 
loans. In order to establish the credit links the agents take a preferred partner choice 
rule: at each time step each customer searches for the minimum of the prices charged 
by a randomly selected set of possible suppliers. It can change supplier only if a better 
partner has been found. 

The agents' profits tt are evaluated from the difference between their gains and the costs 
they have to face; for example, the jth U firm at time t has a profit given by 

n,{t) = (1 + r,{t))Q,{t) - (1 + r,{t))B,{t). 

At each time step the net worth of the generic agent is updated according to the rule 



A{t+l) = A{t) + n{t) - D{t) 
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where D{t) is the so cahed "bad debt", that takes into account the possibihty that a 
borrower cannot pay back the loan because it went bankrupt (that is, A{t) < 0). In this 
framework the lenders are the U firms and the banks and both U and D firms can be 
borrowers. 

4'8.5. SF and their origin. The main goal of the paper is the study of bankruptcy 
avalanches and their connection with the dynamics of the credit network. 

From this point of view, the comparison with data is difficult, so we limit ourselves to 
the description of the mechanism that leads to the emergence of such avalanches. 
Suppose that a random price fluctuation causes the bankruptcy of some U firms. Con- 
sequently, the loans they took will not be fulfilled and the worth of the lenders (banks 
and D firms) will decrease. Eventually, this will result in a bankruptcy of some of them 
and, more importantly, in an increase of the interest rates charged on their old and new 
borrowers. This, in turn, will increase the probability of a bankruptcy of a D firm, and 
so on. The credit network has a scale free structure and then the default of a 
highly connected agent may provoke an avalanche of bankrupts. 
Regarding other empirical evidences, this model shows reasonable agreement with the 
known data: the distribution of firm size is a power law and the one of aggregate growth 
rates is a double exponential (see [64] and references therein). 

4'8.6. ReaUsm and tractabiUty. This model displays quite realistic features, start- 
ing from the three-sector structure of the credit network. Also the bankruptcy avalanches 
mechanism is realistic. Moreover, the model is able to reproduce the main empirical facts 
about the statistical properties of firms. 

4'8.7. Self-Organized Criticality. The problem of self-organization is not addressed 
in this work. 

5. Stylized Facts as finite size effects and self-organization of markets 

5'1. Aim. - The aim of the model introduced in [53, 56, 57, 62] is to look for the 
essential requirements that an ABM must satisfy in order to reproduce the SF. In this 
sense, this model is minimal. Moreover, this approach permits to investigate the problem 
of the self-organization of financial markets, that is, to find out why the empirical 
time series display a power law behavior typical of a (quasi) critical state without having 
any exogenous fine tuning. 

5'2. Agents and strategies. - The model takes and revises four core assumptions 
from the Lux-Marchesi (LM) model: the idea of fundamentalists and chartists, the 
central role played herding and the mechanism of price formation. Here we discuss 
the first three points; the discussion about price formation can be found in sec.5'4. 

There are two classes of agents: Nf fundamentalists, whose action has a stabiliz- 
ing effect on price dynamics, and Nc = N — Nf chartists, who act as a destabilizing 
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component. 

As in the LM model, the fundamentahsts share a common opinion about the fair value 
of the traded stock, that we call the fundamental price pf which is estimated indepen- 
dently of price behavior, for instance evaluating the health of a firm, its management, 
its competitors and so on. This kind of approach is known as fundamental analysis from 
which the name of the class of agents comes out. 

The chartists, instead, use historical data to take decisions. More specifically, they use 
the moving average PAi{t) = jj "^f^Q^ p{t — i) as a reference. Unlike fundamentalists, 
however, chartists believe that future prices will move away from pAiit) and act conse- 
quently. As a result, they tend to follow trends, both up and downward. 

At each time step agents can change their mind according to a probabilistic rule 
that takes into account two factors: a price signal, that is the distance between the ac- 
tual price and the reference value, and a herding term that depends on the fraction of 
agents who belong to the other class in order to consider the agents' tendency to imita- 
tion. In formulas, the rate equation for the transition from chartists to fundamentalists 
is given by 

(22) P,f^iK + ^)eMl\Pf-p\) 
and the rate from fundamentalists to chartists is 

(23) p,^«(if+^)exp(6^^). 

where 7 and b measure the strength of the price signal and K corresponds to the possibil- 
ity of neglecting the opinion of the other agents if the signal is strong enough. Without 
such a term the dynamics would be trivially convergent towards the two absorbing states 
corresponding to all agents being fundamentalists or chartists. 

5'3. Population dynamics. - In order to derive an analytical expression for the 
stable distribution of x = Nc/N the authors consider the following transition rates 

(24) p^^=Bil + 5)(K+^) 



N 



where 5 is a parameter of asymmetry. This may appear a rough approximation but 
captures the essential elements of the dynamics and permits an analytical derivation of 
the asymptotic distribution of the fraction of chartists x, which turns out to be 

(25) Pegix) - x'"(i-*)-i(l - xY'-^+^^-^ exp {-2SNx) 
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(see [53] for a detailed derivation). 

In fig. 7 we plot Peq{x) for different values of the total number of agents N keeping all 
other parameters fixed. One can easily see that the asymmetry towards fundamentalists 
is greatly enhanced for large N: this is the very same phenomenon empirically shown by 
Egenter et al. for the LM model [55]. 




Fraction of chartists 

Fig. 7. - Stable asymptotic distributions for agents' strategies. In the left side fundamentalists 
dominate while chartists dominate on the right side. The model is slightly asymmetric in favor 
of fundamentalists, but this asymmetry depends on A^. For a small number of agents the blue 
line shows an almost symmetric distribution but for larger values of A*' fundamentalists become 
dominant. The specific values of A'^ depend on the other parameters of the model. 



5'4. Price formation. - The two classes of agents operate in the market (and thus 
affect the price dynamics) in a different way. As in the LM model, fundamentalists 
sell if they believe that the asset is overvalued, that is, if the stock price is above its 
fundamental value p / ; otherwise they buy. 

Besides that, we want to make their contribution independent on the total number of 
agents. As a consequence, their demand is given by -jfj{pf ~p{t))- Since chartists tend 
to move away the price from the moving average pm, their contribution to the price 
dynamics is analogous and the complete price evolution equation is given by 

N b Nf 

(26) p{t + 1) = p{t) + -^—-{p{t) - pM{t)) + -f 7(p/ - p{t)) + 
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where trf is a white noise and the term M — 1 makes the chartists' signal independent 
on the time window M on which they evaluate their moving average [14, 65, 66]. 

5'5. SF and their origin. - As we will see in the next sections, the total number 
of agents is a crucial parameter in order to reproduce SF. In this section 
we will focus on the origin of SF assuming that we already have the "right" number of 
agents. 

As one can easily see from eq.(25), if (5 > the most probable state is the one in which 
all agents are fundamentalists. This fact can be easily argued also from fig. 7: only when 
A^ becomes small the symmetry is reestablished. However, as in the LM model, for 
finite values of A^ bursts of chartism can sometimes occur. In these periods 
the volatility increases and bubbles and crashes occur, until the fundamentalists become 
dominant again. This mechanism causes an alternation of phases of low and high 
fluctuations and, ultimately, the emergence of fat tails and volatility clustering. 
In order to obtain a more realistic relaxation for the autocorrelation function of absolute 
returns it turns out to be enough to introduce a realistic heterogeneity in the chartists' 
time scales M. 

5'6. Number of agents. - As in many ABM, the total number of agents is an 
important parameter on which the simulations output usually depend. Thanks to the 
model simplicity, we are able to understand the dynamics for different values of A^. 
From eq.(25) we can see that for large A^ fundamentalists dominate. Alfarano et al. [67] 
have found that in the case 5 = eq.(25) leads to an alternation between the classes 
whose characteristic times grows linearly with A^. These two results make clear that 
only an intermediate value A^* of TV can produce the SF: in fact, if TV is too low 
the fluctuations between fundamentalists and chartists are too quick while if TV is too 
high the system gets stuck in the fundamentalist state. 

Figure 8 shows the three cases TV < TV*, TV > TV* and TV « TV*. Obviously, the 
specific TV* depends on the other parameters of the model. Given the parameters used in 
[53; 56, 62], TV* is approximately 500. Therefore, a question spontaneously arises: why 
real financial markets go and persist in the state TV « TV*? This is the self-organization 
problem, which we are going to address in the following section. 

5'7. Self- Organized Criticality. - In Statistical Physics the presence of power laws 
is frequently associated with Critical Phenomena: in the thermodynamic limit TV — > oo 
and thanks to a fine tuning of some parameters (typically the temperature) the system 
goes to a critical state in which power laws appear and exponents have well-defined val- 
ues. Regarding financial markets, the situation is very different, because TV is a highly 
fluctuating variable and no explicit exogenous tuning exists, so that the system must 
be spontaneously driven from a variety of initial conditions towards a critical 
state (this phenomenon is called Self-Organized Criticality, SOC hereafter). 
We argue that the key parameter to understand the SOC of financial markets 
is TV. In fact, as we have seen, only if TV is close to TV* SF appear. We would like to 
stress that TV* eventually depends on the specific features of the considered market, but 
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« N=500 



=5000 



Fig. 8. - Dynamical evolution of the agents' strategies (bottom) for the three cases discussed 
in fig. 7 and the corresponding fluctuations of returns (top). One can see that a realistic 
intermittent behavior of the returns is obtained only for N = 500. This is due to the fact that 
for large A'^ (5000) the system is stuck in the fundamentalist state, while for smaller values of 
A'' (50) it fluctuates too rapidly. It is clear therefore that the intermittent region corresponds to 
finite size effects which disappear for very large N. 



it is, in any case, finite, and consequently one should talk about a quasi-critical state, 
in which apparent power laws appear because of finite size effects. In this context no 
universality must he expected: this explains the different exponents observed for different 
markets [15]. In order to investigate how and why TV — ^ A''* in real financial markets, we 
propose the following mechanism to introduce the temporal evolution of N . 

Let us suppose N ^ N* . This is a highly fiuctuating market, in which however a lot 
of profitable opportunities appear: both fundamentalists and chartists see price signals, 
so agents will be encouraged to enter. On the contrary, if ^ A^* the market is fully 
efficient and this superstable state does not permit to gain significant profit from agents' 
strategies, and therefore agents will tend to exit from the market. In order to quantify 
and include this line of reasoning in the model, the long term volatility is considered: 

t—T 

(27) a(t,T) = ^^(p,-p)2 

i=t 
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where T is very large with respect to the population dynamics time scale. An agent will 
enter the market if a{t,T) > 0j„ and exit if a{t,T) < Oout, where 0i„ and Qout are 
suitable thresholds. In fig. 9 wc show the temporal evolution of N{t). The systems clearly 
self-organizes in the critical state in which N « N* and SF emerge spontaneously. 
The proposed mechanism could be apparently problematic because it may be argued 
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Fig. 9. - Example of the self-organization of the system to the quasi-critical state corresponding 
to the intermittent behavior and the SF. Starting with a large number of agents (A'' — 5000) 
the system is rather stable in the fundamentalist state and price fluctuations are very small. 
This will induce agents to become inactive and A'' will consequently decrease (green line). If we 
start from a small number (A*' = 50) fluctuations are large and this will attract agents to enter 
this market (blue line). The critical number of agents (A*' = 500 for our choice of parameters) 
remains essentially stable (red line). 



that speculators could be scared by a too fluctuating market. Besides that this problem 
can be easily clarified by the analysis of fluctuations at different timescales. In [68], 
the authors investigate the robustness of this mechanism with respect to a change of 
thresholds and taking into account risk adverse agents which want to avoid large volatility 
at short timescale which would induce a high risk on strategics. 

This line of reasoning could appear problematic if one believes that risk adverse agents 
could find a stable market more attractive than a turbulent one; however, this kind of 
agents are not the ones leading to the SF and are not explicitly considered in our model. 
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5'8. Realism and tractability . - This model aims at finding a good compromise 
between realism and tractability. In fact, it maintains the essential elements of the very 
realistic LM model as a starting point and then introduces a drastic simplification of 
the price formation mechanism, chartists' strategies and opinion changes. This makes 
the dynamics analytically manageable and makes the behavior that this class of models 
shows when N varies finally clear. This has opened the possibility to study the 
self-organization of financial markets and permitted the interpretation of the 
SF as finite size effects. 

5'9. Perspectives. - The model simplicity can be easily exploited introducing more 
realistic features in a systematic way. The possible extensions include price reaction to 
an abrupt change in the fundamental price, different strategies, herding in a network, 
finite wealth and so on. Actually, the authors of the present review are studying the 
portfolio coherence emerging from collective lack of trust and its implications in terms 
of systemic risk. 

6. Conclusions and perspectives 

We have discussed in an unifying framework some representative agent-based models 
for Economics and price dynamics. In particular we focus on the essential active prin- 
ciple of each one and discuss them in a systematic organization. Broadly speaking one 
can define two variables: realism and tractability and in fig. 2 we have given a pictorial 
representation of the models in this respect. 

Which model is better?. - This question has no clear answer because the Stylized 
Facts, which represent the experimental framework are relatively limited and not too 
difficult to reproduce in ABM. Therefore a first conclusion is that progress in this area is 
directly related to the possibility of increasing the number and the quality of the Stylized 
Facts. This would provide additional tests of the models and permit a quality assessment 
of them. 

How many parameters? . - This question relates to the fundamental dilemma of 
realism versus simplicity and has no simple answer. Clearly in terms of metaphors the 
minimum number of parameters is optimal to grasp a concept in a simple way. This 
has been the philosophy of the fundamental models for critical phenomena in Statisti- 
cal Physics and Complex Science [8]. On the other hand, even a simplified description 
of real markets may require more elements specific to this field which may not have a 
counterpart in Statistical Physics. 

Universality. - The Stylized Facts observed, characterized essentially by fat tails 
and volatility clustering resemble the power law behavior of Critical Phenomena. This 
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leads to the fundamental issue of Universality. Clean power laws in fact are observed as 
asymptotic properties and, in this limit, they may be universal in the sense that do not 
depend on the details of the model but only on its basic principles. Many physicists like 
the idea that the same may happen in Economics and that the observed deviations from 
universality in the data depend only on the poor quality of these. 

In our opinion we are in an intermediate situation. Certain properties of the various 
markets appear qualitatively similar but their quantitative properties are really differ- 
ent. This also touches the question whether the power laws are approximate or genuine 
and clearly we point to the first hypothesis. 

The basic reason for this point of view is that in most of the models considered the 
Stylized Facts do not correspond to a genuine asymptotic behavior and they are can be 
obtained for a very specific number of agents. 

This situation of similarity but not strict universality has advantages and disadvantages. 
On one hand one looses the clean properties of universal exponents. On the other hand 
one acquires a sort of biodiversity which may lead to a specific characterization of the 
properties of each market. 

How many agents and the problem of Self- Organization. - In some agent- 
based models the number of effective agents is fixed at some finite value while in others it 
can vary in a more or less important way. In all models, however, the Stylized Facts are 
reproduced only in a very limited region of parameters. We believe that the issue of the 
self-organization is a crucial point which should be considered as an essential part of the 
model. Namely the dynamics of the system should be such that it leads spontaneously 
to the realistic region. We believe that the fluctuations in the effective number of agents 
or strategies are an important concept for the self-organization. 

=K =K * 
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